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Abstract. In this paper we introduce the concept of Bochner pg-frames for Banach Spaces. 
We characterize the Bochner pg-frames and specify the optimal bounds of a Bochner pg- 
framcs. Then we define a Bochner gg-Riesz basis and verify the relations between Bochner 
pg-framcs and Bochner gg-Riesz bases. Finally, we discuss the perturbation of Bochner 
pg-framcs. 



1. Introduction and Preliminaries 

The concept of frames (discrete frames) in Hilbert Spaces has been introduced by Duffin and 
Schaeffer |10j in 1952 to study some deep problems in nonharmonic Fourier series. After the 
fundamental paper [5] by Daubechies, Grossman and Meyer, frame theory began to be widcly 
used, particularly in the more specialized context of wavelet frames and Gabor frames. Frames 
play a fundamental rolc in signal proecssing, image and data compression and sampling theory. 
Thcy providcd an alternative to orthonormal bases, and have the advantage of possessing a 
certain degree of redundancy. A discrete frame is a countablc family of Clements in a separablc 
Hilbert Space which allows for a stable, not necessarily unique, decomposition of an arbitrary 
element into an expansion of the frame elements. For more details about discrete frames see [üj. 
Resent results show that frames can provide a universal language in which many fundamental 
problems in pure mathematics can be formulated: The Kadison-Singer problem in Operator 
algebras, the Bourgain-Tzafriri conjecture in Banach space theory, paving Toeplitz Operators in 
harmonic analysis and many others. Various types of frames have been proposed, for example, 
PG- Frames in Banach Spaces frame of subspaces [I], continuous frames in Hilbert space 
[3], continuous frame in Hilbert Spaces [TB], Continuous G- Frames in Hilbert Spaces [TJ, (P, Y)- 
operator frames for a Banach space [13] . 

This paper is organized as follows. In section 2, we introduce the concept of Bochner pg- 
frames for Banach Spaces. Our motivation comes from the continuous frames, analogous to 
continuous frames which are generalized version of discrete frames, we want to generalize pg- 
frames in a continuous sense. Like continuous frames, these frames can be used in those areas 
that we need generalized frames in a continuous aspect. Also, we define corresponding Operators 
(synthesis, analysis and frame Operators) and discuss their characteristics and properties. In 
section 3, we define a Bochner gg-Riesz basis and verify its relations by Bochner pg- frames. 
Finally, section 4 is devoted to perturbation of Bochner pg-frames. 

Throughout this paper, X and H will be a Banach space and a Hilbert space, respectively, 
and {H^^en is a family of Hilbert Spaces. 

Supposc (£7, S, fi) is a mcasure space, where ß is a positive measurc. 

The following definition introduces Bochner measurablc funetions. 

Definition 1.1. A funetion / : O — > X is called Bochner measurable if there exists a sequence 
of simple funetions {/n}^! such that lim„_ i . 00 \\f n (uj) — /(w)|| = 0, a.e. [//]. 

Remark 1.2. Suppose that (fi,£,//) is a measure space and X* has the Radon-Nikodym 
property. Let 1 < p < oo. The Bochner space of L p (p,, X) is defined to be the Banach space of 
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(equivalence classes of) X-valued Bochner measurable functions F from f2 to X for which the 
norms 

\\F\\ P = ([ \\F(LüWd ß (u))K 1<P<^ 
Jn 

\\F\\oo = ess sup ue n\\F(uj) \\, p = oo 
are finite. In [S], [3] and [TTJ p.51] it is proved that if 1 < p < oo and q is such that | + | = 1, 
then L q (fj,,X*) is isometrically isomorphic to (L p (/i, X))* if and only if X* has the Radon- 
Nikodym propcrty. This isometric isomorphism is the mapping 

</>:^( M ,X*)^(LP(/x,X)r 

whcrc the mapping f/Kff) i s defined on L p (ß,X) by 

lHff)(/) = / g(w)(f(u))M">)> f&LP(n 7 X). 
Jn 

So for all / £ LP(ß,X) and g £ L*(ß,X*) wc havc 

<f,tp(g)>= / <f(u),g(u) >d(j,(cü). 
Ja 

In the following, we use the notation < f,g > instead of < f,ifj(g) >, so for all / £ L p (ß,X) 
and .g £ L«(ß,X*) 

<f,g>= <f(u),g(u)>dp(w). 
Jn 

Particularly, if H is a Hilbert space then (L p ([j,, H))* is isometrically isomorphic to L q ([j,,H). 
So, for all / £ L p {n,H) and g £ L*(ß,H) 

<f,g>= < f(ui),g(u>)> dfj,(oj), 
Jn 

in which < f(w),g(ui) > dose not mean the inner produet of elements /(w), <?(k>) in iJ, but 

<f {<*>), g(u) >= V (g(u))(f(u>)), 

where v : H — > H* is the isometric isomorphism between H and H * , for morc dctails refer to 
HÜ p.54]. 

We will use the following lemma which is proved in j!2) . 

Lemma 1.3. If U : X — > Y is a bounded Operator from a Banach space X into a Banach 
space Y then its adjoint U* : Y* — > X* is surjective if and only if U has a bounded inverse on 
Ru- 

Note that for a collection {Hß}ß^ of Hilbert Spaces, we can suppose that there exists a 
Hilbert space K such that for all ß £ 25, Hß C K, where K = (Bß^H^ is the direct sum of 
{Hß} ß& B, see p.24]. 

2. Bochner p^- Frames 

We start with the defmition of Bochner pg-frames. Then we will give some characterizations 
of these frames. 

Definition 2.1. Lct 1 < p < oo. The family {A w £ B(X,H ÜJ ) : w £ Vi} is a Bochner pg-frame 
for X with respect to {H u }uen if : 

(i) For cach x £ X, w i — > A w (x) is Bochner measurable, 

(ii) there exist positive constants A and ß such that 

A\\x\\ < ( / UMaOH" M"))' ^ B M\, x G X. (2.1) 
Jn 
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A and B are called the lower and upper Bochner pg-frame bounds, respectively. We call 
{A^j^go a tight Bochner pg-frame if A and B can be chosen such that A = B, and a Parseval 
Bochner pg-frame if A and B can be chosen such that A = B = 1. If for each uj G f2, 
if u = iJ then {A^j^gfj is called a Bochner pg-framc for X with respeet to H. A family 
{A w € B(X, Hu) ■ u> G f2} is called a Bochner pg-Bessel family for X with respeet to {i? w } w eo 
if the right inequality in (|2.1j) holds. In this case, -B is called the Bessel bound. 

Example 2.2. Let be a frame for Hilbert space H, = I and fj, be a counting measure 

on fi. Set 

A l : H — > C 
Aj(ft) =< >, h € H. 
Then {A.;}.; e / is a Bochner pg- frame for H with respeet to C. 

Example 2.3. Let il = {a, b, c}, S = {0, {et, b}, {c}, f2} and /i : E — s> [0, oo] be a measure such 
that /i(0) = 0, /i({o, 6}) = 1, MW) = 1 and ^(0) = 2. Assume that X = L p {n) and {H u } u& n 
is a family of arbitrary Hilbert Spaces and supposc 

A w : L*(fi) — ► ff«,, 

A u (<y9) = y(c)/i w ; ^ G # a , = 1, w G fi. 

It is clear that A u 's are bounded and for each tp G i — »• A w (9?) is Bochner measurable. 
Also, 

/ \\A u (x)\\ P d^) = / \<p(c)\ p dß(uj) = \<p(c)\Pß(n) = 2\<p{c)\*. 
Jn Jn 

So, {A u } w6 n is a Bochner pg-frame for L P (Q) with respeet to {H^^en- 

Now, wc State the definition of some common corresponding Operators for a Bochner pg- 
frame. 

Definition 2.4. Let {A u } u6 f! be a Bochner pg-Bessel family for X with respeet to {-ff^l^en 
and g be the conjugate exponent of p. We dehne the Operators T and U, by 

fii^e^ff^r (2.2) 

<x,TG> = < A u (x),G(u) > dß{u), sei, GeL'feffi^Ä), 
Jn 

U : X — > © uen ff u ) (2.3) 

<Ux,G>= < A uj (x),G(üj) > d(i(w), GeL'f/i,©^). 

The Operators T and [/ are called the synthesis and analysis Operators of {A^J^gn, respectively. 

The following proposition shows these Operators are Bounded. 

Proposition 2.5. Let {A w G B(X, H u ) : uj E £1} be a Bochner pg-Bessel family for X with 
respeet to {H^y^en an d with Bessel bound B. Then the Operators T and U defined by \2. 2]) 
and \2. 3\) . respectively, are well-defined and bounded with \\T\\ < B and \\U\\ < B. 

Proof. Suppose {A u } we n is a Bochner pp-Bessel family with bound B and q is the conjugate 
exponent of p. We show that for all x £ X and all G G L q (fi, © we n-ff w ) the mapping cj i — >< 
A u (x),G(u>) > is measurable. For all x G X and G G L q (fi, (BuesiHu), w i — ► A w (ai) and G are 
Bochner measurable, so there are sequences of simple funetions {X n }^Li and {g n }%Li such that 

lim ||A„(w) - Ao,(x)|| = 0, a.e. [//], 

n— too 

lim HöVi(w) - G(w)|| = 0, a.e. [p]. 
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For each n, < X n , g-n > is a simple function and 

< A w (x),G{u) > - < \ n {w),g n {w) > | 

< < A u (x) - \ n (u>),G(u>) > | + | < X n (cü),g n (üj)-G(ui) > \ 

<\\A u (x) - A„H||||GH|| + ||A n H|||| fln (w) -G(w)||. 

So lim„_>oo | < A u (x),G(uj) > — < X n (uj), g n (u) > | = and u i — >< A u (x),G(uj) > is 
measurable. For each x G X and G G L q (jjL, ®u>enH u ), we have 



<x,TG>\ = 1/ < A u {x),G(w) > dn{w)\ 
Jn 

< f llA^llllGHH^H 



Ja 

< (/ WKxW'Murfif \\G(ü,)\\*dlM(u)f* 

Jn Jn 

< B\\x\\\\G\\ q . 

Thus T is well-dcfincd and ||T|| < B. By a similar discussion, U is wcll-dcfined and \\U\\ < 
B. □ 

The following proposition providcs us with a concrete formula for analysis Operator. 

Proposition 2.6. If {A u } we s; is a Bochner pg-Bessel family for X with respect to {H^^^n 
then for all x £ X, (Ux)(uj) = A u x, a.e. \p]. 

Proof. Let q be the conjugate exponent of p and x G X. For all G € L 9 (/i, ©cjgo-ffa;), we have 



<Ux,G> = / < A w (x),G(cj) > dß(uj) 
Jn 

= < {Auxju^G > . 

So < Ux - {A u x} ue n, G >= 0, for all G G © wG f2^)- There exists G £ L 9 (^, © wG aHu;) 

such that ||G|| 9 = 1 and 

< Ux - {Aajxjuen, G >= \\Ux - {A u x} ue n\\ P , 
which implies \\Ux — {A u x} u£ n\\ p = 0. Therefore (Ux)(uj) = A u x, a.e. [fi\. □ 

Such as in L p -space case, we have the next lemma. 

Lemma 2.7. Let (Q, S,/i) be a measure space where fi is a-finite. Let 1 < p < oo and q be 
its conjugate exponent. If F : f2 — > H is Bochner measurable and for each G G L q ([i,H), 
f n < F{lo),G(lü) > h dp(w)\ < oo then F £ IJ>(fj,,H). 

Proof. Let {Q n }^Li be a family of disjoint measurable subscts of fi such that for each n > 1, 
/i(0„) < oo and Vi = (J^Li Without loss of generality we can assume ||F(w)|| ^ 0, ui G 0. 
Let 

A ro = {w€ü|m-1< II^HII < ™h ™ = 0,1,2,... . 
It is clcar that for each m = 0, 1, 2, ... , A m C Vt is measurable and Vi — Um=o n=i(^ m ^ ^™)' 
where {A m n fJ n }^i m=i i s a family of disjoint and measurable subsets of Vt. We have 

/ \\F{u>wd ß {u) = jr jr [ \\F(LüWd„(u,) 

Jn m=0n=1 JA m nn n 

and 

f \\F(u)\\ p dfi(Lj) < m P Li(Vi n ) < oo. 

JA m nsi„ 

Suppose that J n \\F(ui) \\ p dfi(uj) = oo, then there exists a family {Ek}]? =1 of disjoint fmite subsets 
of N x N such that 

E / \\F(u)\\"dn(u) > 1. 
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Let E = UfeLi U(m „) e B fc (\i H O n ). Consider G : £1 — > H defined by 

GM = { 411^)11^ *V) »7 ^UMeßJ^^n), Ä = l,2,. 

\ if uj eQ\E 

whcrc 

Cfc:=i(/ ||FHfdMM)-i 



fcp Aj (m ,„ )eBfc (A m nn„) 
Then G is Bochner mcasurable, and 



IIGMII^M = / ||GM||^M 

= E E / iigmii^mm 

K— 1 [m,n)^Ek 
oo „ 

= E / c£||FHfd M M 



,i J U (m ,„ )eBfc (A m nf2„) 

oo 1 

E — < OO. 

K"=l 

Therefore G G L q (fj,,H). But 

/• 00 p r 

| / <FM,GM> H <* M M| = £c2/ HfHiWw) 

jf=i • / U (m ,„) eEfe (A m nn„) 

= Et(/ ||F( W )||^H)p 

k=i k • / U (m , n)eBfc (A m nfi n ) 

OO ^ 

> Efc = °°' 

which is a contradiction. □ 
The following theorem characterizes Bochner pg-Bessel families by Operator T defined by 



Theorem 2.8. Suppose that (O, E, /i) is a measure space where fi is a-finite. Let {A w G 
-B(A", fl^) : w G 0} öe a family such that for each x £ X the mapping uj i — S- A u (x) is Bochner 
measurable. If the Operator T defined by i2.S\) is well-defined and bounded, then {A^j^gn * s a 
Bochner pg-Bessel family for X with respect to {Hu}uen wi/i Bessel bound \\T\\. 

Proof. Let q be the conjugate exponent of p and for x G X , consider 

F x : L q (fi,® ueQ H u )^C 

F X (G) =< x,TG >= [ < A u (x),G(cj) > dß(u), Gel'(ftffi^). 
Ja. 

ThenF x G (£,«(//, © we0 iU)*. So {A w x} uen G L"(//, 9 we!] ^) by LemmaO By RemarkO 
©uefiffc))* and L p (/i, ©^gn-ffc;) are isometrically isomorphic and ||{A u x} we n|| p = H-FzH- 
Therefore 

(/ H^fdMw))» = HFxll = sup | <*,TG> | < \\T\\\\x\\. 

Jn || G || q = 1 

□ 

The following theorem shows that it is enough to check the Bochner pg-frame conditions on 
a dense subset. 
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Theorem 2.9. Suppose (fi, £, /i) is a measure space where \i is a-finite. Let {A^ G B(X, H^) : 
lj G fi} be a family such that for each x € X, lu i — > A u (x) is Bochner measurable and assume 
that there exist positive constants A and B such that H2.1]) holds for all x in a dense subset V 
of X . Then {A^j^gsi is a Bochner pg-frame for X with respect to {Hu}uen with bounds A and 
B. 

Proof. Let {^ n }^Li be a family of disjoint measurable subsets of fi such that fi = U^Li ^™ with 
//(fin) < oo for each 77. > 1. Let x G X and assume without loss of generality || A w x|| 7^ 0, oj G fi. 
Let 

A* ={wsO|m-l< II A u x\\ < m}, m = 0, 1, 2, ... . 

It is clcar that for each 777 = 0, 1, 2, ... , A^ C fi is measurable and fi = 1J^ =0 „ =1 (A^ D fi n ), 
where {A^ n Q n }^ =1 is a family of disjoint and measurable subsets of fi. If {A w }^ e si is 
not a Bochner pg-Bcsscl family for X then there exists x G AT such that 



(/ IIAuWW))* >«■ 

So 

W ||A w (x)|W W )> J Bf||.T||P 
,„ „ JA; ,nO. 



m,n- /A m nn '> 
and there exist finite scts / and J such that 



/ ||A tü (x)|rrf / iH> J B P lkll P - (2.4) 



Let {a;*;}^! be a sequence in such that x k — > a; as /c — > 00. The assumption implics that 



EE/ iiAu^)ii p ^H<s p ik fe ir, 



which is a contradiction to (|2.4j) (bv the Lebesgue's Dominated Convergence theorem). So 
{A^} we o is a pg-Bessel family for X with respect to {H^uen and Bessel bound B. Now, we 
show that 



(/ \\A u (xk)\\ p d»(u))* ^ ( WKixWMu))*- 
Ja Jn 

Since {A w } u£ q is a pg-Bessel family for X, the Operator {/ defined by (|2.3[) is well defined and 

bounded. Assume that 5 is the conjugate exponent of p and let 

G : fi — > ® u£ nH Ul G(lu) = \\A u x\\ V A^x, u G fi, 

and 

G fc : fi — ► ©wen-ff^, Gfe(w) = WA^Xk]]^ A u Xk, w G fi. 
It is obvious that for each k G N, G^ and G belong to L 9 (/^, ®ueoH u ), and we have 

<Ux,G>= / < A u (x),G(üj) >d/ J L((j) = f \\A u (x)\\ p dß(u), 



< Ux kl G k >= / < A u (x k ),G k (cü) > dß{u) = / \\Au{x k )\\ p dp{u). 
Jn Jn 

Since Iim/t-s-oo |(Gfc — G)(uj)\\ q = and 

||(G fc - G)(u>)\\ q < (||G fe H|| + ||G( W )||)« < 2^ 1 (||G fe H|r + ||GH|n, 
so by the Lebesgue's Dominated Convergence theorem 

lim / ||(G fc -G)(w)||«dp(w) = 0. 
fc->oo Ja 
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Therefore, limfc-K» || Cfc — G\\ q = 0, hence 

| / ||A w (x fe )|| p d M M - / \\A u (x)\\ p dfx{u>)\ = | < Ux k ,G k > - < Ux, G > | 
Jn Jn 

<\ < K{x k -x),G k {uj) > dn{uj)\ + | / <A u {x),{G k -G)(u)>dn(u)\ 
Jn Jn 

<( [ \\A u (x k -x)\\Vdß(u)))*([ \\G k (u>)\\*dii{L>))$ 
Jn Jn 

+(/ \\A„(xWdK"))k [ \\( G ~ G k)(u)\\ q dß(uj))« 
Jn Jn 

<B\\x k -x\\\\G k \\ q + B\\x\\\\\G k -G\\ q . 

By lctting x k x, the theorem is proved. □ 

Similar to discrete frames, the analysis Operator has closed ränge. 

Lemma 2.10. Let {A u } ue Q be a Bochner pg-frame for X with respect to {H u } u ^q. Then the 
Operator U defined by V2.S\) has closed ränge. 

Proof. By assumption, there exist positive constants A and B such that 
A\\x\\ < ( / \\A u {x)f dß(u))p < B\\x\\, xeX. 



By Proposition [Jll we have 

A\\x\\ < \\Ux\\ p < B\\x\\. 
Hence U is bounded below. Therefore U has closed ränge. □ 

The next proposition shows that there is no Bochner pg-frames for a non-reflexive Banach 
Spaces. 

Proposition 2.11. Let {A w } we o be a Bochner pg-frame for X with respect to {-ff^l^en- Then 
X is reflexive. 

Proof. By Lemma 12.101 Rjj is a closed subspace of L p (/^, ©^gfiiJ^) and U : X — > Rjj is 
homeomorphism. Sincc L p (/i, ©^g^iJ^) is reflexive, so X is reflexive by Corollary 1.11.22 in 

M- □ 

In the following lemma we verify the adjoint Operators of synthesis and analysis Operators. 

Lemma 2.12. Suppose {A w } we n is a Bochner pg-Bessel family for X with respect to {-ff^l^en 
with synthesis Operator T and analysis Operator U . Then 

(i) U* = T. 

(ii) If {A^j^gn has the lower Bochner pg-frame condition, then T*J\ = ip* J2U , where J\ : 
X — > X** and J2 '■ L p (/jl, (BuenH u ) — > (L p (ß, ©ugn^))** are canonical mappings and ip is 
the mentioned isometrically isomorphism in Remark \1.0ä 

Proof. (i) For each G £ L q (ß, (B^enH^) and x € X we have 

<Ux,G>= [ <A u (x),G(u))>d(J,(u))=<x,TG>, 



so U* = T. 

(ii) Since X and L p (\x, © wG n#w) are reflexive, so J\ and J 2 are surjective. For each G G 
L q ([i, ® U £nH u ) and x e X 

< G, T*3 x x >=< TG, J x x >=< x, TG >=< Ux, G >, 

also 

< G,fJ 2 Ux >=< t()G,J 2 Ux >=< Ux,il>G >=< Ux,G> . 
Hence T*Ji = ip*J 2 U. □ 

The following theorem characterizes Bochner pg- frames by Operator T, defined by (|2.2|) . 
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Theorem 2.13. Consider the family {A w e B(X,H U ) : u 6 £1}. 

(i) Let {A w } we o be a Bochner pg-frame for X with respect to {i? w }wen- Then the Operator T 
defined by V2.2\) is a surjective bounded Operator. 

(ii) Let (f2, E,/z) be a measure space where fi is a-finite and for each x € X, uj i — > A w (x) 6e 
Bochner measurable. Let the Operator T defined by 12. 2\) be a surjective bounded Operator. Then 
{A^jt.jgo is a Bochner pg-frame for X with respect to {H^u^n- 

Proof. (i) Since {A w } w6 si is a Bochner pg-frame, by Proposition 12.51 T is wcll-dcfincd and 
bounded. By the proof of Lemma 12. ICH U is bounded bclow. So, by Lemma 11.31 and Lemma 
[27121 Ti). U* = T is surjective. 

(ii) Since T is bounded, {A^j-^gn is a Bochner pg-bessel family, by Theorem l2.8l Since T = U* 
is surjective, U has a bounded inverse on by Lemma Tl. 31 So there exists A > such that 
for all x e X, \\Ux\\ p > A\\x\\. By Proposition I2T51 for all x £ X 



A\\x\\ < \\Ux\\ p = ( \\AUx)\\ p dn(u:))r . 
Jn 

Hcnce {A^j^go is a Bochner pg-frame. □ 

Corollary 2.14. If {A w } we n * s a Bochner pg-frame for X with respect to {H u } u en and q is 
the conjugate exponent of p then for each x* G X* there exists G £ L q (ß, © w gn^^) such that 



<x,x*>= / < A u (x), G(u) > dfi(cü), x e X. 
Jn 

Proof. It is obvious. □ 

The optimal Bochner pg-frame bounds can be expressed in terms of synthesis and analysis 
Operators. 

Theorem 2.15. Let {A w } wg o be a Bochner pg-frame for X with respect to {-ff^l^en- Then \\T\\ 
and \\U\\ are the optimal upper and lower Bochner pg-frame bounds o/ {AuJ^gn, respectively, 
where U is the inverse of U on Rjj andT, U are synthesis and analysis Operators o/{A u } we [j, 
respectively. 

Proof. By the proof of Theorem 12.81 for each x £ X, we have 

(/ WAuxW'dniw))* = \\F X \\ = sup \<x,TG>\. 

Jn \\G\\ q =i 

Thcrefore 

sup ( / ||A w a;|| p d/i(a;))p = sup = sup sup | < x,TG > | 

11x11=170 11x11=1 ||x||=l||G|U=l 

= sup sup | < x,TG > | = sup \\TG\\ = ||T||. 

||G|| g =l||x||=l \\G\\ q =l 

By Proposition ||?7x||p = (J n || A w a;|| p c?/i(a;)) p , consequently 

inf \\Ux\\ p = inf (/ WKxYd^fr. 
Ikll=i IfII=i Jn 

The Operator U : X — > L p (fi,(BuiGnH u ) is bounded below, so it has bounded inverse U : 
Ru — > X. We have 

inf \\Ux\\ p = inf JÖ£ = inf Ä = inf Ä = L__ = J^, 

Nl=i" ||x|| tfv*>||Ety|| v*>||Cty|| sup^ \\U\\ 

hence inf || x || =1 ( J n |A u i|^(w))f = □ 
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3. BOCHNER qg-RlESZ BASES 

In this section, we define Bochncr qg-Riesz bases which are gcncralization of Ricsz bases and 
characterize their properties. 

Definition 3.1. Let 1 < q < oo. A family {A w G B(X 1 H UI ) : ui G £7} is called a Bochner 
qg-Riesz basis for X* with respect to {Hu} u en, if : 

(i) {x : A^ai = 0, a.e. [//]} = {0}. 

(ii) For each x G A, cj i — 5- A w (x) is Bochner measurable and the Operator T defined by (|2.2|) 
is well-defined and there are positive constants A and B such that 

4||G||, < \\TG\\ < B\\G\\ q , G G L"{fi, ® uea H u ). 

A and B are called the lower and upper Bochner qg-Riesz basis bounds of {A w } w6 q, respec- 
tively. 

Under some conditions, a Bochncr qg-Riesz basis is a Bochner pg-frame, more precisely: 

Proposition 3.2. Suppo.se (f2,E, /z) is a measure Space where fi is a-finite and consider the 
family {A w G B(X,H U ) :w6Ü}. 

(i) Asswme that for each x G A, w i — > A w (x) is Bochner measurable. {A^j^gn is a Bochner 
qg-Riesz basis for X* with respect to {H u } u en if o.nd only if the Operator T defined by \2. 2\) is 
an invertible bounded Operator from L q (\i, (BuenH^) onto X*. 

(ii) Let {A w } ug o be a Bochner qg-Riesz basis for X* with respect to {i/^j-^gn with optimal 
upper Bochner qg-Riesz basis bound B. If p is the conjugate exponent of q then {A u } ue n is a 
Bochner pg-frame for X with respect to {H^uefi with optimal upper Bochner pg-frame bound 
B. 

Proof. (i) By Theorem 12.81 and Proposition 12.61 and Lemma [2.121 and Theorems 3.12 and 4.7 
and 4.12 in [17], it is obvious. 

(ii) By assumption and (i), the Operator T defined by (|2.2|) is a bounded invertible Operator. 
So by Theorem 12.131 (ii), {A^Jugsj is a Bochncr pg-frame for X with respect to {H u } u ^q with 
optimal upper Bochner pg-frame bound B. □ 

Next theorem presents some equivalent conditions for a Bochner pg-frame being a Bochner 
qg-Ricsz basis. 

Theorem 3.3. Suppose (fi, £, p) is a measure space where p is a-finite. Let {A u } ue n be 
a Bochner pg-frame for X with respect to {-ff w } w eo. with synthesis Operator T and analysis 
Operator U and q be conjugate exponent of p. Then the following statements are equivalent: 

(i) {A^j^go is a Bochner qg-Riesz basis for X* . 

(ii) T is injective. 

(iii) R v = LP(/j,,® uen H u ). 

Proof. (i) — > (ii): It is obvious. 

(ii) — > (i): By Theorem l2.13l (i). the Operator T defined by (|2.2|) is bounded and onto. By (ii), 
T is also injective. Therefore T has a bounded inverse T^ 1 : X* — > L q (/j,, ® u ^q,HJ) and hence 
{A w } we n is a Bochner qg-Riesz basis for X*. 

(i) — > (iii): By Theorem 13.21 T is invertible, so T* is invertible. Lemma \2. 121 (ii) implies that 
ß [/ = Lf(/i,© a;e ai? w ). 

(iii) — > (i): Since the Operator U is invertible, by Lemma T2.12I . T = U* is invertible. □ 

4. Perturbation of Bochner pg-FRAMES 

A perturbation of discrete frame has been discussed in [6] . In this section, we present another 
version of perturbation for Bochner pg-frames. 

Theorem 4.1. Suppose (fi, S,/x) is a measure space where /i is a-finite. Let {A^j^gfj be a a 
Bochner pg-frame for X with respect to {H u } u< zq and q be the conjugate exponent of p. Let 
{0 W G B(H,H ÜJ ) : uj G tt} be a family such that for all x G X, u i — > Q UJ (x)is Bochner 
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measurable. Assume that there exist constants Ai,A2,7 such that < A2 < 1, — A2 < Ai < 1, 
< 7 < (1 - Ai - 2X 2 )A and 

< (A w - Q u )x,G(u) > dfi{uj)\ (4.1) 

<Ai| / < A u x,G(u>) > dß(u>)\ + A 2 | / < & u x, G{uj) > d(j,(u>)\ + 7\\G\\ q , 
Jn Jn 

for all G € L q (fi, ©üjen-ff w ) cmd x G X. Then {Q u }ujen is a Bochner pg-frame for X with 
respect to {H u } u< zq with bounds 

/ir (l-Ai-2A 2 )-^ 1 1 + Ax + ^ 

where A and B are the Bochner pg-frame bounds for {A w } u6 f2. 
Proof. For each x ^ X and G G ®uen^) we have 

< 6 w a;,G(u;) > c^MI 

<| / < (A u - O u )x,G(üj) > dp{u)\ + | / < A w x,G(w) > dß(u>)\ 
Jn Jn 

<(1 + Ai)| f <A u x,G{u))>dß(cj)\ + \ 2 \ [ <Q u x,G{u))>d(i{u))\+ 7 \\G\\ q . 
Jn Jn 

So 

|/ < A u x,G(uj)>dß(w)\ + -l—\\G\\ q 
Jn 1-Ä2 

B\\G\\ q \\x\\ + —L^\\G\\ q 
l — M 



< 


1 + 




1 - 




< 


1 + 


Ai 


1 - 


A 2 ' 






-Ai 






-A 2 



Now, define VF : L"{ti,® uen H u ) — ► X* by 

<x,WG>= <Q u x,G(u) > d(j,(u), x g X, G G ©wen-öai 



Sincc 



||WG|| = sup < VFG > = sup | / < 9^, G(w) > d/i(cj) 

11x11 = 1 II cc II = 1 Ai 



so W is well-defmed and boundcd. By Theorem 12.81 {O^l^en is a Bochner pg-Bcssel family 
for X with bound B[ 1+ 1 Al A + ^ ] . 

Now, we show that {Q u }uen satisfics the lowcr frame condition. Lct T and U be the synthesis 
and analysis Operators of {A w } u6 q, respectively. By Proposition l2.ö[ for all x G X, 

A\\x\\ < \\Ux\\ p < B\\x\\. 

By Lemma [2A0\ Ry is a closed subspaces of L p (fi, (BuenH u ), so Q = U : X — > Ru is a 
bijective bounded Operator, hence (Q -1 )* : X* — ► is alikc. Sincc B' 1 < ||<5 _1 || < so 
IKQ^ 1 )*!! = < A- 1 . Lct x* G X* and S = (Q^ 1 )*, then \\S\\ < A^ 1 and S(x*) G 

by Hahn-Banach theorem there exists ip G L p (p,, ©^nff^) such that ^Ik^ = 5(x*) and \\ip\\ = 
\\S(x*)\\, it follows that 

H| = ^IISHII^II^^- 1 ^*!!. (4.2) 

By Rcmark [1~2| there exists G G i 9 (^7 ©wefi-ffu) such that V'(G') = <£, then 

IIgu^imi^a- 1 !!*!. (4.3) 
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Since x* = Q*(Q~ 1 )*(x*), from (|4~Tj) . we have for each x E X 

< x 7 x* >=< x, (Q*S)(x*) >=< Ux, S{x*) >=< Ux, ip > 

= < Ux,i/j(G) >= / < A u x,G(u}) > dfi(u). 
Jn 

From (14.11) and (14.31) wc obtain that 



\\x* - WG\\ = sup | < x,x* - WG > | 
ll*||=i 

= sup | / < (A w -QJ)x,G{u) > ß{u)\ 
II a= ||=i Jn 

< sup [Ai| <x,x* > \ + X 2 \ <x,WG> |+7||G|U 
ll*ll=i 

< sup [(Ai + A 2 )| < x,x* > | + A 2 | < x,WG-x* > \ +-yA~ 1 \\x*\\ 
ll*ll=i 

< sup [(X 1 +\ 2 )\\x*\\\\x\\+X 2 \\WG-x*\\\\x\\+ 1 A- 1 \\x*\\] 
ll*ll=i 

<(Ai +A 2 + 1 A- 1 )\\x*\\ + \ 2 \\WG - x*\\, 
which implies 

\\WG-x*\\< ^±^±^ \\x% 
For a given x S X there exists x* S X* such that ||x*|| = 1 and ||x|| = x*(x), so 

: | < X,X* - 1 

< x,VFG > 

- y "\i-\2)A ' 11*111*11 + I j[ < ^,GH > dMw)| 
< (Al ( ^ 2 ^ +7 lk1IN + (jf |IMI P <W)» ll^ll« 

^ ,'Ai 4- A > • I l 4- , /' 



x*(x) 


1 , # „ 

= < X, x . 


< x, 


x* - WG > 


(Ai + 


A 2 +)A + 7 


(1 


-X 2 )A 1 


(Ai + 


A 2 +)A + 7 


(1 


-X 2 )A 1 


(Ai + 


A 2 +)A + 7| 



thcrefore 



(1-X 2 )A " 

(1 - Ai -2A 2 )A- 
l-A, 



w<( / n^r^M)^ 
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